One goal of this paper is to show that a big number of inequalities for functions in L p (R + ), p ≥ 1, proved from time to time in journal publications are particular cases of some known general results for integral operators with homogeneous kernels including, in particular, the statements on sharp constants. Some new results are also included, e.g. the similar general equivalence result is proved and applied for 0 < p < 1. Some useful new variants of these results are pointed out and a number of known and new Hardy-Hilbert type inequalities are derived. Moreover, a new Pólya-Knopp (geometric mean) inequality is derived and applied. The constants in all inequalities in this paper are sharp.
Introduction
Let p >  and denote by p the conjugate parameter defined by  p +  p =  (p = ∞ when p = ). We also let f and g denote arbitrary measurable positive functions on (, ∞). The constants in all inequalities below and in all of this paper are sharp.
Hilbert's inequality: The inequality
is called Hilbert's inequality. It can equivalently be written in the form
Remark  Hilbert himself considered only the case p =  and the corresponding discrete form of () (see his paper [] from  and also [, ] and the historical description in [] ). L p -spaces with p =  appeared only later (around ). Concerning the equivalence of () and () see our Lemma  for a more general statement.
Hardy's inequality:
The first weighted form of Hardy's inequality can be written in the following way:
where p ≥ , α < p -. The (equivalent) dual form of () reads
where p ≥ , α > p -.
Remark  For the case α =  () is the classical Hardy inequality. The almost  years of research until Hardy finally proved this inequality in  (see [] ) is described in detail in [] . In particular, it is completely clear that Hardy's motivation was to find an elementary proof of Hilbert's inequality for the discrete case. Also the weighted variant () was first proved by Hardy (see [] 
Hardy-Hilbert type inequalities for homogeneous kernels:
The inequalities ()-() can all be written in the unified form
with different kernels k(x, y)which are homogeneous of degree -. A kernel k(x, y) is said to be homogeneous of degree λ, λ ∈ R, if
It is also well known that the inequality () can be equivalently rewritten in the form
with the same sharp constant C.
Remark  There are a huge number of papers devoted to the proof of () and () for concrete kernels k(x, y) other than the classical Hilbert kernel k(x, y) = /(x + y). In this connection we refer to the monograph [] and the references there. Moreover, we announce that by using a standard dilation argument in ()-() we see that such kernels must be homogeneous of degree -. One weakness with many of these results is that the authors do not refer to the fact that already in  (see [] and also [] ) it was given necessary and sufficient conditions for () to hold and with sharp constant and general kernel of degree -. See Theorem .
One main aim of this paper is to discuss, complete, and apply this result to get an overview of the current situation partly described in Remark . See Theorem  and the discussion in Remark . Moreover, the following new results are included:
(a) A general reversed version of the inequalities described in Remark  yielded for 
Remark  The inequality
is just a limit case as p → ∞ of the Hardy inequality
In fact, just replace f (x) by (f (x)) /p in () and use the fact that (the scale of power means)
Sometimes () is called Knopp's inequality with reference to his paper [] from  but Hardy himself in his  paper [] said that Pólya pointed out this argument to him so we prefer to call the inequality () the Pólya-Knopp inequality.
The paper is organized as follows: Some main results are presented and commented in Section . The detailed proofs are given in Section . Some applications concerning Hardy and Hardy-Hilbert type inequalities are presented in Section . Finally, Section  is reserved for another main result, namely the announced new Pólya-Knopp type inequality. Some applications of this result are also given. All inequalities in this paper have sharp constants.
Main results
We consider the integral operator K defined by
with nonnegative kernel k(x, y) (a measurable function on R + ×R + ), which is homogeneous of degree -, i.e.
For such kernels we also define the constant
Here and in the sequel
Our first main results reads as follows.
Theorem  Let p ≥ , the kernel k(x, y) satisfy () and κ p be the constant defined by ().
Then the following three statements are equivalent:
holds for the same finite constant C as in () and all f ∈ L p .
Moreover, the constant C = κ p is sharp in both () and ().
Remark  The proof of () under the condition κ p < ∞ was given already in the book [], Theorem .. Apart from the original proof in [] , this sufficiency part may be derived, via a change of variables, from the Young theorem for convolutions in R, for details see [] and [] . In this way the sharpness of the constant is derived from the fact that the Young inequality h * f p ≤ h  f p holds with the sharp constants h  when h is nonnegative. Hence, by using the results in [] and [] and the equivalence result in Lemma , Theorem  is essentially known even if it has not been formulated in this way before. However, to make our paper self-contained we include a proof which also guides us how to prove the other results in this section.
For the case  < p <  it is expected that the inequalities () and () hold in the reversed direction but now with the natural restrictions
and
so the reversed inequalities () and () make sense. We also need the following minor technical condition:
for some ε  > .
Theorem  Let  < p <  and the kernel k(x, y) satisfy (). Moreover, assume that ()-() hold. Then all the statements in Theorem  hold with inequalities () and () holding in reversed direction.
Since p <  in this case we have g p = (
p- p and we assume that  < g p < ∞ here and in the sequel.
Remark  For the proof of the fact that κ p < ∞ implies the equivalent reversed conditions () and () we do not need the restriction ().
A kernel k(x, y) is said to be homogeneous of degree λ  if
Remark  By using a standard dilation argument it is seen that the inequalities considered in Theorem  can hold if and only if λ = -. However, by changing the norms in the lefthand sides in () and () to power-weighted norms we can from our result obtain a similar result for homogeneous kernels of any degree λ. In order to be able to compare with a result in [] we formulate this result as follows.
Theorem  Let p ≥  and α, β ∈ R. Let the kernel k λ  (x, y) satisfy () for λ  = - + α + β, and define
Then the following three conditions are equivalent:
holds for the same finite constant C as in () and all f ∈ L p,x α .
(iv * ) The constant C = κ p,β (defined by ()) is sharp in both () and ().
Remark  By choosing
=  we can compare with Theorem . in [] . For the case p > , λ  >  the equivalence in (ii * ) and (iii * ) were established already in this Theorem and also the sharpness in (iv * ) for these cases. However, the necessity pointed out in (i * ) was not explicitly pointed out in this paper.
Remark  By using our Theorem  and making similar calculations as in the proof of Theorem  we can obtain a similar complement and strengthening of Theorem . in [] yielding for  < p <  and kernels of any homogeneity λ  ∈ R.
In order to cover even more direct applications we finally also state another consequence (but also formal generalization) of Theorem . We consider here (skew-symmetric) kernels with the following generalized homogeneity of order -: 
Then the following conditions are equivalent:
holds for the same finite constant C as in () and all f ∈ L p . (iv) The sharp constant in both () and () is C = κ p (a, b).
Remark  By using a similar proof to that of Theorem  we can obtain a similar consequence (and formal extension) also of our Theorem .
For the proof of these Theorems we need a lemma of independent interest, which we state and prove in a little more general form. Let k(x, y) denote a positive kernel on R + × R + .
Lemma 
(a) Let p ≥ . The following statements are equivalent:
holds for some finite constant C and all f ∈ L p and g ∈ L p . (ii) The inequality
holds for the same finite constant C as in () and all f ∈ L p . (b) Let  < p < . A similar equivalence to that in (a) holds also in this case but with the inequalities in () and () reversed (here we use the same convention concerning g p as before, see the sentence after Theorem ).
Remark  The statement in (a) is well known and follows from a more general statement in functional analysis. However, we give here another simple direct proof which works also to prove that part (b) holds, which seems not to have been explicitly stated before.
Proofs
Proof of Lemma  (a) Let p > . Assume that () holds. Then, by using Hölder's inequality, we find that
so () holds. Now assume that () holds and choose
With this choice
Thus, by (),
Hence,
Let p =  so p = ∞. By applying () with g(y) ≡  we see that () implies (). Moreover, by using that g(y) ≤ g ∞ , y ∈ (, ∞), we find that () implies ().
(b) Hölder's inequality holds in the reversed direction in this case. Hence, the proof of (b) only consists of obvious modifications of the proof of (a).
Proof of Theorem  Let p >  and assume that i) holds. Then, by Hölder's inequality and K defined by (), we have
In I  we change the variable y to yx and use () and () to obtain
We conclude that
We now change the variable x to xy using () and () to find that
Hence, by (), (), and the Fubini theorem,
which means that () holds with C = κ p p for any f ∈ L p . Next we assume that () holds for some C < ∞ and all f ∈ L p . By using the sharpness in Hölder's inequality we have the following representation formula:
Let ε >  and consider the following test function:
which has the property p = . We note that
Moreover,
Furthermore, by changing the variable y to yx and using () we find that
We insert this into () and use Fubini's theorem to obtain
Hence, by using (), (), (), together with this inequality, we conclude that
Thus, by letting ε →  + in () and using the Fatou lemma, we see that (i) holds and
The proof of the equivalence of (i) and (iii) is complete including the fact that C = κ p p is the sharp constant in ().
Moreover, by using Lemma , we see that statements (i) and (ii) are equivalent including the fact that the constant C = κ p is sharp also in (). We have thus also proved that statement (iv) is correct.
For the case p =  we again change the variable x to yx and use () to obtain
i.e. () holds even with equality with constant κ  and all f ∈ L  . In particular, the equivalence of (i) and (iii) is proved. The equivalence of (ii) and (iii) follows from Lemma  and the statement (iv) is obvious. The proof is complete.
Proof of Theorem  First we note that Hölder's inequality holds in the reversed direction so the proof of the necessity part follows exactly as in the proof of Theorem . For the proof of the sufficiency part instead of the representation formula () in the case  < p <  we use the corresponding representation formula,
with the same interpretation of p as mentioned just after Theorem . By using the same test function f ε and the corresponding ε we now come to that () holds in the reversed direction but the problem is now that we cannot use the Fatou lemma. However, according to () we have
This shows that the constant C = κ p p is sharp in the reversed form of (). The remaining part of the proof follows by applying Lemma (b). This leads us to consider the kernel
Proof of Theorem
In order that also this kernel shall have homogeneity - we must assume that
We now apply Theorem  with f and g replaced by F and G and with the kernel k  (u, v) and the proof follows.
Examples of inequalities covered by the results in Section 3
First we present two simple standard examples.
and p > . Then Theorem  guarantees that the following equivalent inequalities hold:
with the sharp constant
In a similar way we can get a great number of so called Hardy-Hilbert type inequalities by using other related kernels of homogeneous type -. For example, if λp >  we have the following equivalent inequalities:
with sharp constant
Remark  In the classical Hilbert case α = λ = μ =  we obtain
so that (i) coincides with the classical form () of Hilbert's inequality.
A new general geometric mean type inequality
In addition to the constant κ p defined in (), we also introduce the constants
assuming that k(x, y) ≥  and maybe zero only on a set of measure zero.
Our new general geometric mean inequality reads as follows.
and the constant e κ * is sharp.
Proof First we observe that
Therefore, we can apply the inequality () for all sufficiently large p. We rewrite this inequality as
Here, we replace f (x) by f (x) λ , and also p by and from () we arrive at ().
Example  (Generated by a weighted Hardy inequality) Take k(x, y) = To calculate κ * we differentiate the last equality in α and get 
